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. Introduction: double numbers
are "neighbors” of complex ones!

Ao>A=a+1b abeR
Ao is defined by the pair p, g € R:

P=p+Ig=(I-q/2° =p+q*/4
sign(p + q’2/4) =—1, = Ay~ C;
sign(p + q2/4.) =+1, - Ag ~ H; (1)
sign(p + q2/4} =0, —= Aj~1

P

HYPERLAND: TERRA INCOGNITA

H /}12=+1

p=—q/4

C
-/////

Fig. 1. Two-dimensional commutative-associative
algebras A, over .
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. The algebra C and its applications

1. Algebra of complex numbers.
C={z=z+iy|it=-1,z,yeR} (2)

— algebraically-closed number field (main the-
orem of algebra).

2. Euclidean geometry of C.
n = Re(dz) ®@dz9) = dz1@dzo+dy; 2dys
— Euclidean metric.
3. Linear fractional transformations.
DL(C) ~ SL(2,C) (3)

Invariance of circles and of the anharmonic
relation:

{z]_:r 225 33? 34} =

] —44 =3 <3
4. Stereographic projection.
I: 5% 5 Cu{oo}. (5)
Conformal property. Invariance of circles.
3
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~Spinors. £, €6 (E () ==(E A Q).
SL(2,C) — SU(2

2, 1l l? | (6)
SO(1, 3)
Transition to vectors of My V~806.
6. Mappings Hol(C).
General differentiability:
dF = A(z,2)dz + B(z,z)dz. (7)
C-differentiability:
JF _ 3U“3V+i (81/' N 8U) 0
dz Oz Oy or  dy
— C-R conditions for F' = U +iV.

Harmonicity of [/ and V. Infinite differentiability, an-

alyticity, Taylor's, Laurent and Puiseux series,

B =04

7. Topological aspects of Hol(C)
Cauchy theorem and formula:

f{F(z)dzzﬂ; F(z[}}=-—’
C ¢
4
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Analytic continuation, multi-valued functions, Riemann
surfaces and residue theory.

8. Geometrical aspect of Hol(C).
Conformal property:

nen = [F'()"n, F'iz) £0. (8)
Orthogonality of levels lines:
VU -VV =0 (9)

Passive (change of coordinates) and active (deforma-
tion) interpretation. Flatness criteria for conformally
flat 2-dimensional metric:

Na=e"7 (10)

— existence of F'(z), such that ¢ = Iu|F|.
9. Physical aspect of Hol(C).

Electro- and magnetostatics, hydrodynam-
ics, elasticity theory, scattering theory etc.
C-R conditions = potentiality and solenoidal-
ity of physical fields.
F(z) = ¢ + ix — complex potential, p —
potential function, y — force (flow) func-
tion.
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Direct method:

Boundary conditions = straightening of

boundaries of conductors or flow profiles by

uniqueness th.
=

means of F'(z) solution!

Inverse method:

Any holomorphic function F(z) = "free”
solution to some flat problem!

ES

Fig. 2. Complex potential F(z) = Ey(z + R?z71)
(conductive neutral cylinder in homogeneous
external field)

Dual transformation:
FaglF = B=3F, (11)
6
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Fig. 3. Dual interpretation (diamagnetic cylinder in
homogeneous external field).

10. Fractal aspect of Hol(C).
Iteration process: 2,1 = f(zp)-

Forflzl= 22+ ¢ we obtain the Julia set
and the Mandelbrojt fractal.

Fig. 4. The Julia set.

7
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. Algebra H of double numbers.

Generators of H: {1,j};
H={h=t+jz|j% =41tz €R}. (12)
Real, imaginary parts and complex conjuga-
tion:
Reh=t; Imh=z; h=t—jz. (13)
Metric form:
¢ = Re(dh ® dh) = dt @ dt — dx ® dr
— 2-dimensional pseudo-Euclidean metric.

(Pseudo)norm and module of h:
%I = R, (I1hall® = 1RI 91, 1kl =

Degenerate elements (zero divisors):

H® ={h=a(1% )} [K]*=0.(19)

15
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nversion of non-degenerate elements:

4 B
h—h " =—. 15
Polar coordinates on /1:
Imh
1 I
I
Re h
I
IV IV

Fig.5. ¥ =RU-RURL-R

h=t+ jo = Ip(cosht) + jsinh)), (16)
Vi —z2, o = Arcth(z/t);

| P B = : (

l: I=j4, o=vz?—1t, p=~Arcth(t/z);
W:I=-1 p=vt—22 = Acrth(z/t);
IV: I=—j, p=+va22—1t3, 1 = Arcth(t/z).

o — module, 1) — argument.
The directions 1) = +o¢ <> H® (polar coordinates do

not work!).
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N
fi

he cone of h[}:

Con(hg) = {h € H|h—hy€ H°} (17)

The geometry of H is the pseudo-Euclidean
geometry of 2-dimensional Minkowski ST!

Isometry group — 3-dimensional Poincare group
+ reflections:
h— h+a; h — l?’b-h, lw = cosh ¢+ sinh ).

Fig. 6. Congruent equilateral triangles on H.
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Fig. 8. Spirals (0 = C'¢ and p = Ce") on H.
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. Elementary functions on H

What is £'(L + jh)?

1. Real law for "superposition of arguments” :
flz+y) = o(f1(2), foly);
2. For f(z) = (Sf)(@) + (Af)():
(S5)(Gz) = (SF)(x); (Af)(iz) = j(Af)(@)

— interaction of symmetric and antisymmet-
ric components of f with j.

These rules are sufficient for the construction
of analytical extension of all elementary func-
tions from R to H'!

19
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.eh‘ and Inh

s el = eted® = el (cosh z + 5 sinh z);

Hrah—Inh=1Ino+ jy.

Fig. 9. The global structure of ¢" and In /.

5 T .
QM neZ.  h=Iped¥ Py mneind,

2!
1."

|2

Fig. 10. The mapping h ~+ h?*
13
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The number N(P) of roots of polynomial
Pp(h) in general case satisfies the inequality:

0 < N(By) < n?.

3. Trigonometric, hyperbolic functions

and their inversion

sinh = sint cos & + j sin & cost. (18)

Fig. 11. The mapping h —+ sin h.

5
ltin s}

Fig. 12. Fundamental squares for sin h.

14
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1
arcsin h = E[arcsin{(t-i-x) 1—(t—2z)%+

(t—2)/1 - (t+2))+
jaresin((¢ + z)y/1 — (t — 2)%—

(t —2)/1— (t+2z)2)] (19)

Fig. 13. The mapping
h > tanh = (sin 2t + jsin2x)/(cos 2t + cos 2z).

arctan h : {alcta. [ 2t ] -+
== ‘ar n —_———
2 1—t2 + 22

j arctan l—%m—-l } . (20)

1+t2—:z:2

15
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Fig. 14. The mapping h +—» sinh h.

Fig. 15. The mapping h ++ tanh h.
x

=

Fig. 16. Mapping h — (h + h~')/2 — the
hyperbolic Zhukowski function.
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